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We study a quantum impurity possessing both translational and internal rotational degrees of freedom inter-
acting with a bosonic bath. Such a system corresponds to a ‘rotating polaron’, which can be used to model,
e.g., a rotating molecule immersed in an ultracold Bose gas or superfluid Helium. We derive the Hamiltonian
of the rotating polaron and study its spectrum in the weak- and strong-coupling regimes using a combination
of variational, diagrammatic, and mean-field approaches. We reveal how the coupling between linear and
angular momenta affects stable quasiparticle states, and demonstrate that internal rotation leads to an enhanced
self-localization in the translational degrees of freedom.
I. INTRODUCTION
Since the seminal papers of Landau and Pekar [1, 2], the
polaron became one of the most studied models in condensed-
matter physics. The polaron has been initially introduced as
a quasiparticle consisting of an electron dressed by lattice
excitations in a crystal, and can, in general, be considered as
an elementary building block of complex condensed-matter
systems. Over the years, polaron models have been adapted to
several different context, and nowadays are used to describe
more general classes of impurities interacting with a quantum
many-particle bath [3–14].
In the conventional polaron problem, the impurity is consid-
ered as a structureless particle, such as an electron. However,
there are several systems where additional internal degrees of
freedom of the impurity cannot be neglected. A well-known
example is molecules immersed in superfluid helium droplets,
which have been used as a tool of molecular spectroscopy
for over two decades, see e.g. Refs. [15–17] and references
therein. Although impurities with “simple” internal structure
(e.g. spin−1/2) have been actively studied since the works of
Anderson and Kondo [18, 19], more complex degrees of free-
dom, such as rotational states of molecules, have not received
as much attention from the community of condensed-matter
physicists. Here, inspired by the recent advances in the po-
laron theory [20–27] as well as by the recently introduced
angulon quasiparticle (a quantum rotor dressed by a many-
body field) [17, 28, 29], we establish a theory for the hybrid
between the two species – the ‘rotating polaron’ or ‘moving
angulon’. More specifically, we consider rotating impurities,
such as molecules, immersed in a many-particle bosonic bath,
and study stable and metastable states of the resulting quasi-
particles.
The paper is organized as follows. In Sec. II, we derive the
Hamiltonian for a rotating polaron from first principles, and
demonstrate the corresponding limits for the Fro¨hlich polaron
as well as the angulon Hamiltonians. In Sec. III, we obtain
the spectrum of the rotating polaron in the weak-coupling
regime using a variational approach taking into account single-
phonon excitations. In Sec. IV we study the system in the
strong-coupling regime using a Pekar-type ansatz, and discuss
the self-localization transition in the rotating polaron. The
conclusions of the paper are drawn in Sec. V.
II. THE HAMILTONIAN
The Hamiltonian that describes a mobile impurity with rota-
tional degrees of freedom immersed in a bosonic bath is given
by:
Hˆ =
Pˆ
2
2M
+ BLˆ
2
+
∑
k
ω(k)bˆ†kbˆk + Hˆint (1)
(in what follows we use the units of ~ ≡ 1). Here the first
two terms represent the total translational and rotational ki-
netic energy of the extended impurity with mass M and rota-
tional constant B = 1/(2I), where I is the impurity’s moment
of inertia. The third term, with
∑
k ≡
∫
d3k/(2pi)3, corre-
sponds to the kinetic energy of the bosons parametrised by
the dispersion relation, ω(k). The bosonic creation and anni-
hilation operators, bˆ†k and bˆk, obey the commutation relation
FIG. 1. Schematic diagram of a rotating impurity, whose center-
of-mass (CM) is located at ρ, interacting with a boson at R. Here
(XYZ), (x′, y′, z′), and (x, y, z) are the laboratory, CM, and body-fixed
coordinate frames, respectively. See the text.
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2[bˆk, bˆ
†
k′ ] = (2pi)
3δ(k− k′). Finally, the last term is the impurity-
bath interaction.
In the Bogoliubov approximation [17], the interaction Hamil-
tonian can be written as
Hˆint =
√
n
∑
k
√
(k)
ω(k)
e−ik·ρˆV(k, θˆ, φˆ)bˆ†k + H.c. . (2)
A very similar Hamiltonian can be obtained for a crystalline
solid, by performing an expansion in atomic displacements
and keeping only linear terms. In Eq. (7), (k) = k2/2mb
is the kinetic energy of each atom with the mass mb in the
bath, and n is the particle density. Furthermore, exp(−ik · ρˆ)
is the Fourier-transformed density of an impurity, where the
operator ρˆ ≡ (ρˆ, θˆρ, φˆρ), which is conjugate to Pˆ, measures an
instantaneous position of the molecule’s center-of-mass (CM)
frame with respect to the laboratory frame, as schematically
illustrated in Fig 1. V(k, θˆ, φˆ) is the impurity-boson potential
in Fourier space, where the angle operators, (θˆ, φˆ), describe the
molecular orientation in the CM frame. After we expand the
bosonic creation and annihilation operators, the plane wave
exp(−ik · ρˆ), and V(k, θˆ, φˆ) in the spherical basis, we obtain
(see Appendix A):
Hˆint =
∑
kλµ
∑
`δαγ
Uδγµ
`αλ
(k) j`(kρˆ) Y∗`δ(Ωˆρ) Y
∗
αγ(Ωˆ) bˆ
†
kλµ + H.c. (3)
Here
∑
k ≡
∫ ∞
0 dk, Ω ≡ (θ, φ), j`(kρˆ) is the spherical
Bessel function of the first kind, and Y`δ(Ωˆρ) are the
spherical harmonics. The coupling term, Uδγµ
`αλ
(k) =
Uα(k)
√
4pi(2α + 1)(2l + 1)/(2λ + 1)iλ−α−lCλ0
α0,l0C
λµ
αγ,lδ , with
Cλµ
αγ,lδ being the Clebsch-Gordan coefficients [30], couples
both the impurity’s CM translational motion and its internal
rotation to many-particle excitations. Uα(k) is the angular-
momentum-dependent coupling strength which we define in
Eq. (8) below.
The Hamiltonian (1) features both translational and rota-
tional symmetry. Translational symmetry follows from the fact
that the total linear momentum of the system,
Πˆ = Pˆ +
∑
k
kbˆ†kbˆk , (4)
commutes with the Hamiltonian (1) (this can be seen from
Eq. (7) below). In Eq. (4), the second term is the collective
linear momentum of the many-particle bath. The total angular
momentum of the system, on the other hand, can be written as
Jˆ = Lˆ + LˆT +
∑
kλµν
σλµνbˆ
†
kλµbˆkλν , (5)
where LˆT is the corresponding angular momentum of the trans-
lational motion stemming from the spherical decomposition of
Pˆ2 = Pˆρ
2
+ Lˆ2T /ρˆ2, with Pˆρ
2 the radial part. The last term of
Eq. (5) is the collective angular momentum of the bath with
σλµν being the spin-λ representation of the SO(3) group. The
Clebsch-Gordan coefficient, Cλµ
αγ,lδ, in the couplingUδγµ`αλ(k) en-
sures that the total angular momentum operator commutes with
the Hamiltonian (1), which is therefore rotationally invariant.
We note, however, that the total angular momentum operator
does not commute with the total linear momentum operator,
i.e., [ Jˆ
2
, Πˆ] , 0 , [Jˆz, Πˆ]. Therefore, the state of the combined
impurity-bath system can be specified either by the eigenval-
ues of Hˆ and Πˆ or by the eigenvalues of Hˆ, Jˆ
2
, and Jˆz. For
convenience, the state defined by the former set of eigenvalues
can be called ‘the rotating polaron’, while the latter one can be
referred to as ‘the moving angulon’ – the quasiparticle defined
through the total angular momentum.
By using the translation operator,
Tˆ (ρˆ) = exp
−iρˆ ·∑
k
kbˆ†kbˆk
 , (6)
the interaction Hamiltonian (3) can be written in a more elegant
way as
Hˆint = Tˆ (ρˆ)
∑
kλµ
Uλ(k)Y∗λµ(Ωˆ)bˆ
†
kλµ + H.c.
 Tˆ−1(ρˆ) , (7)
where
Uλ(k) =
√
8nk2(k)
ω(k)(2λ + 1)
∫ ∞
0
drr2Vλ(r) jλ(kr) (8)
is the angular-momentum-dependent coupling strength. In
Eq. (8), Vλ(r) is the interaction potential in the angular momen-
tum channel λ defined via the expansion of the correspond-
ing impurity-boson potential in the body-fixed coordinates,
V(r) =
∑
α Vα(r)Yα0(θr, φr), which is chosen to be rotationally
symmetric around the z-axis. In the translated frame, the inter-
action Hamiltonian between the impurity and the bath depends
solely on the molecular orientation and not on the CM coor-
dinate ρ. Therefore, the interaction is a result of the angular
momentum transfer in the system. As we discuss below, this
corresponds to the angulon Hamiltonian.
A. The angulon limit
The form of the interaction Hamiltonian (7) suggests that
the Hamiltonian in the translated frame simply reads
Hˆ′ ≡ Tˆ−1HˆTˆ = Hˆang + 12M
Pˆ −∑
k
kbˆ†kbˆk
2 . (9)
Here the first term is the so-called angulon Hamiltonian,
which describes a rotating impurity interacting with a bath
of bosons [28]:
Hˆang = BLˆ
2
+
∑
kλµ
ω(k)bˆ†kλµbˆkλµ +
∑
kλµ
Uλ(k)Y∗λµ(Ωˆ)bˆ
†
kλµ + H.c.
(10)
Recently, it has been demonstrated that impurities whose or-
bital angular momentum is coupled to a many-particle bath
form the so-called ‘angulon quasiparticles’ [17, 28, 29]. This
quasiparticle can be thought of as a non-Abelian counterpart
3of the polaron [25], as it represents a quantum rotor dressed by
a many-body bosonic field. Moreover it was demonstrated that
the predictions of the angulon theory are in good agreement
with experiments on molecules embedded in superfluid helium
nanodroplets [31–33].
The physical meaning of the above decomposition is quite
transparent. When M → ∞, one can neglect the center-of-mass
motion of a molecule such that the Hamiltonian (9) reduces to
the angulon Hamiltonian. Furthermore, the decomposition (9)
is very useful for a perturbative analysis of a moving angulon
with large mass, which can be described as a rotating impurity
whose translational motion is perturbed by the many-particle
bath only weakly.
B. The polaron limit
The spherically symmetric part of the angular-momentum-
dependent coupling, U0(k), in fact, defines the coupling
between the impurity’s CM motion and the many-particle
bath. Accordingly, if we define VF(k) through U0(k) =
VF(k)
√
2k2/pi, we can further decompose the transformed
Hamiltonian (9) into
Hˆ′ = Hˆpol + BLˆ
2
+
∑
kλ,0µ
Uλ(k)Y∗λµ(Ωˆ)bˆ
†
kλµ + H.c. , (11)
where
Hˆpol =
1
2M
Pˆ −∑
k
kbˆ†kbˆk
2 + ∑
k
ω(k)bˆ†kbˆk
+
∑
k
VF(k)
(
bˆ†k + bˆk
)
, (12)
is the Fro¨hlich polaron Hamiltonian written in the Lee-Low-
Pines (LLP) form [34].
For a structureless spherically symmetric impurity, the tak-
ing the limit of B → 0 and Uλ,0(k) → 0 reduces the Hamil-
tonian (11) to the polaron Hamiltonian (12). Moreover, for
moving impurities whose rotational coupling to the bath is
small compared to the translational coupling, one can account
for the angular part of the Hamiltonian (11) perturbatively.
III. THE WEAK-COUPLING REGIME
A. The Variational Approach
In what follows, we study the problem non-perturbatively
by means of a variational ansatz. Our goal is to investigate the
rotating polaron, that is, we consider a quasiparticle labeled
by the total linear momentum of the impurity-bath system.
This can be done most conveniently in the translated frame,
where the total linear momentum operator is simply given
by Pˆ = Tˆ−1ΠˆTˆ . In this case, we can replace the operator Pˆ
in the Hamiltonian (9) with the corresponding eigenvalue, p,
which defines the total linear momentum of the impurity-bath
system in the laboratory frame. Accordingly, we introduce the
following trial wavefunction for the rotating polaron:
|Ψp〉 =
g| jm〉|0〉 + ∑
k′ j′m′
α j′m′ (k′)| j′m′〉bˆ†k′ |0〉
 |p〉 , (13)
which corresponds to the expansion of the quasiparticle state
over zero- and one-phonon bath excitations. Therefore, it is
supposed to be a good approximation in the weak-coupling
regime. The corresponding trial state in the laboratory frame
reads
Tˆ |Ψp〉 = g| jm〉|0〉|p〉+
∑
k′ j′m′
α j′m′ (k′)| j′m′〉bˆ†k′ |0〉|p−k′〉 . (14)
Here, the first part of the trial state describes the impurity which
is moving with linear momentum p, and rotating with the angu-
lar quantum numbers j and m in the absence of phonons. The
second term of the trial state (14) corresponds to the impurity
+ one-phonon state with the total linear momentum p. Since
we consider the rotating polaron, and the linear momentum
operator does not commute with the angular momentum opera-
tor, the total angular momentum of this second term cannot be
specified. On the other hand, this angular momentum can be
specified in the moving angulon picture (where the linear mo-
mentum is, in turn, not defined), see the discussion above. We
further note that it is more convenient to describe the moving
angulon in the labarotary frame, as the total angular momen-
tum operator in the translated frame, Jˆ
′
= Tˆ−1 JˆTˆ , is quite
involved.
The minimization of the functional 〈Ψp|Hˆ′ − E|Ψp〉 with
respect to the variational parameters, g∗ and α∗jm(k), leads to
the following expression for the variational energy:
E =
p2
2M
+ B j( j + 1) − Σ jmp(E) , (15)
where the self-energy is given by
Σ jmp(E) =
∑
j′m′k′
∣∣∣∣〈 jm|〈0| (∑kλµ Uλ(k)Yλµ(Ωˆ)bˆkλµ) | j′m′〉bˆ†k′ |0〉∣∣∣∣2
(p− k′)2/(2M) + B j′( j′ + 1) + ω(k) − E .
(16)
Here the free quantum numbers, j and m, label the correspond-
ing angular momentum numbers of the impurity, whereas the
quantum number p stands for the total linear momentum of the
impurity-bath system, as discussed above.
In the iterative solution to Eq. (15), the leading-order term
is given by E(1) = p2/(2M) + B j( j + 1), and the second-order
term reads E(2) = p2/(2M) + B j( j + 1) − Σ jmp(E(1)), which
matches the second order perturbation theory. Therefore, the
variational energy (15) goes beyond the perturbative result,
and hence corresponds to a resummation over all diagrams
describing single-phonon excitations, see Refs. [17, 35] for
further details.
The self-energy can be expressed as
4Σ jmp(E) =
∑
kl j′λλ′
Uλ(k)Uλ′ (k)(2λ + 1)
4pi
√
(2l + 1)(2λ′ + 1)(2 j + 1)
4pi
(−1) j′+ j+λ′ iλ−λ′C j′0λ0, j0C j
′0
λ′0, j0C
λ′0
l0,λ0C
jm
jm,l0
{
λ j′ j
j l λ′
}
dl0 , (17)
where {· · · } is the 6 j symbol [30], and
dl0 =
∫
dΩkYl0(Ωk)
(p− k)2/(2M) + B j′( j′ + 1) + ω(k) − E . (18)
We would like to emphasize that in the limit of M → ∞, the
coefficient dl0 is given by
dl0 =
√
4piδl0
B j′( j′ + 1) + ω(k) − E , (19)
such that the self-energy (17) reduces to the angulon self-
energy reported in Ref. [28]. In such a case, the quantum
numbers j and m define the angular momentum numbers of
the angulon quasiparticle.
Similarly, in the other limit given by B→ 0 and Uλ,0(k)→
0, the extended impurity shrinks to a structureless spherically
symmetric particle, and we obtain
Σp(E) =
∑
k
VF(k)2
(p− k)2/(2M) + ω(k) − E , (20)
which coincides with the self-energy of the Fro¨hlich polaron
in the weak-coupling regime [25], also see Ref. [36] for the
many-impurity case.
In general, the energy (15) is found self-consistently via the
poles of the Green’s function,
G jmp(E) =
1
p2/(2M) + B j( j + 1) − Σ jmp(E) − E , (21)
which leads to Eq. (15). The entire excitation spectrum
of the system is captured by the spectral function A jmp =
Im
[
G jmp(E + i0+)
]
.
B. The Spectrum
For the sake of consistency with other angulon studies,
here we adapt the parameters used in Ref. [28], which re-
produce the order of magnitude of the relevant quantities
for a molecule immersed in a Bose-Einstein condensate.
Namely, we consider a bath with the Bogoliubov disper-
sion relation, ω(k) =
√
(k)((k) + 2gbbn) [37], where gbb =
4piabb/mb, and we set the boson-boson scattering length to
abb = 3.3/
√
mbB. We choose the impurity-boson interac-
tion as Uλ(k) =
√
8nk2(k)/(ω(k)(2λ + 1))
∫
drr2Vλ(r) jλ(kr).
The coupling is modeled using Gaussian functions, Vλ(r) =
uλ(2pi)−3/2e−r
2/(2r2λ), taking into account the leading orders,
λ = 0, 1, and setting the parameters to u0 = 1.75u1 = 218B,
and r0 = r1 = 1.5/
√
mbB.
In Fig. 2, we plot the spectral function A jmp of a rotating
polaron for the lowest three states, j = 0, 1, 2, with m = 0,
FIG. 2. The spectral function of the rotating polaron, A jmp, for the
lowest three angular momentum states, j = 0, 1, 2, with m = 0, as a
function of the dimensionless bath density, n˜ = n(mbB)3/2, and the
energy E˜ = E/B. The cases shown correspond to the following
values of total linear momentum: (a) p = 0 (the angulon case),
(b) p = 2
√
MB zˆ, and (c) p = 10
√
MB zˆ. Instabilities are indicated by
white arrows. See the text.
as a function of energy and bath density, for different values
of linear momentum. Sharp light features in the figure cor-
respond to long-lived quasiparticle states, while blurred red
and purple regions correspond to metastable states with shorter
lifetimes. In Fig. 2 (a) we present the angulon case, which is
given by p = 0, and the spectrum naturally coincides with that
obtained in Ref. [28]. As discussed in Ref. [28], at the vicinity
of metastable states, an angular momentum exchange between
the impurity and the bath takes place, which corresponds to
the so-called ‘angulon instabilities’ [33] indicated in Fig. 2 by
arrows. In Fig. 2 (b), we consider the system with the total
5linear momentum p = 2
√
MB zˆ. We find that for the excited
states with j = 1, 2, there are two instability regimes. Further-
more, we uncover an instability for the ground state, j = 0,
which is absent in the angulon case. From the latter observa-
tion, we deduce that the instability arising in the ground state
is a consequence of angular momentum exchange between the
bath and the translational degree of freedom of the impurity.
This further explains two instabilities observed in the excited
states: the first one is a consequence of the exchange between
the bath and the internal rotational degree of freedom (like in
the angulon case), and the second one is a result of coupling
between the bath and the impurity’s translational degree of
freedom. Moreover, if we further increase the linear momen-
tum, the number of instabilities grows as a result of a resonant
angular momentum transfer, and at some point they merge into
a single broader instability. In Fig. (2) (c) we show the case
of p = 10
√
MB zˆ, where such a broad instability leads to a
break down of the quasiparticle picture for the bath densities
of −5 . Log[n˜] . 1.
IV. THE STRONG COUPLING REGIME AND
SELF-LOCALIZATION
A. The Pekar Ansatz
As the next step, we study the regime where the coupling
between the impurity and the bath is strong. Such a regime can
be approached using a mean-field Pekar-type ansatz [2, 25].
For this purpose, we first rewrite the Hamiltonian (1) in the
following form:
Hˆ =
Pˆ
2
2M
+ BLˆ
2
+
∑
k
ω(k)bˆ†kbˆk (22)
+
∑
k
∑
λµ
(2pi)3/2i−λ
Uλ(k)Yλµ(Ωk)
k
Y∗λµ(Ωˆ)e
−ik·ρˆbˆ†k + H.c. ,
where we have used the Cartesian representation of the boson
operators, bˆ†k, see Appendix A.
Next, we introduce the Pekar ansatz,
|ΨP〉 = |ϕI〉 ⊗ |ξB〉 , (23)
where |ϕI〉 and |ξB〉 correspond to the impurity wavefunction
and the bosonic state, respectively. After taking the expectation
value, 〈ϕI |Hˆ|ϕI〉, the resulting effective bosonic Hamiltonian
can be diagonalized using the following coherent-state trans-
formation:
Uˆ = exp
−∑
k
1
ω(k)
(
V˜(k)bˆ†k − H.c.
) , (24)
where
V˜(k) =
∑
λµ
(2pi)3/2
i−λUλ(k)Yλµ(Ωk)
k
〈Y∗λµ(Ωˆ)e−ik·ρˆ〉I , (25)
and 〈Aˆ〉I ≡ 〈ϕI |Aˆ|ϕI〉. The bosonic state, which minimizes the
Pekar energy, is given by |ξB〉 = Uˆ |0〉. Thereby, the respective
energy yields:
ε0 =
1
2M
〈Pˆ2〉I + B〈Lˆ2〉I −
∑
k
|V˜(k)|2
ω(k)
, (26)
where the last term corresponds to the deformation energy of
the bath in the limit of M → ∞ and B→ 0. The ground state
energy (26) can also be written in terms of the Pekar energy
functional as
ε0[ϕI] =
∫
d3ρ dΩ
(
1
2M
|∇ρϕI(ρ,Ω)|2 + B|∇ΩϕI(ρ,Ω)|2
)
(27)
−
∫
d3ρ d3ρ′ dΩ dΩ′|ϕI(ρ,Ω)|2|ϕI(ρ′,Ω′)|2 U˜(ρ, ρ′,Ω,Ω′) ,
where
U˜(ρ, ρ′,Ω,Ω′) =
∑
k
∑
λλ′µµ′
(2pi)3
ω(k)k2
iλ
′−λUλ(k)U∗λ′ (k) (28)
× Yλµ(Ωk)Y∗λ′µ′ (Ωk)Yλµ(Ω)Y∗λ′µ′ (Ω′)e−ik·(ρ−ρ
′) .
For a spherically symmetric impurity, i.e., in the limit of
Uλ,0(k)→ 0, the potential reduces to
U˜(ρ, ρ′) =
1
2pi2
∫
dk k2
|VF(k)|2
ω(k)
j0(k|ρ − ρ′|) , (29)
which can also be obtained by tracing out the internal angular
space,
U˜(ρ, ρ′) =
∫
dΩ dΩ′U˜(ρ, ρ′,Ω,Ω′) . (30)
This further simplifies to U˜(ρ, ρ′) = αF/(
√
2|ρ − ρ′|) for the
Fro¨hlich parameters which are given by a constant dispersion
relation, ω(k) = ω0, and the coupling strength,
|VF(k)| =
√
2
√
2piαF/k2 , (31)
with αF being the Fro¨hlich particle-phonon coupling constant
in units of M = ω0 = 1 [38–40].
Moreover, if the impurity is in a definite internal angular
momentum state, | jm〉, i.e., ϕI(ρ,Ω) ∝ Y jm(Ω), from the Pekar
functional (27) we obtain:
U˜ jm(ρ, ρ′) =
∑
λλ′l
iλ
′−λ−l (2λ + 1)
√
2l + 1√
4pi
[
Cλ
′0
λ0,l0
]2
Yl,0(Ωρ−ρ′ )
×C j0j0,λ0C jmjm,λ0C j0j0,λ′0C jmjm,λ′0
∫
dk
Uλ(k)U∗λ′ (k)
ω(k)
jl(k|ρ − ρ′|) ,
(32)
which corresponds to an extended/anisotropic Fro¨hlich impu-
rity. As a model potential, we choose
Uλ(k) = VF(k)
√
2k2
pi
1√
2λ + 1
, (33)
6FIG. 3. Self-induced potential of the impurity in a particular internal
angular momenum state, | jm〉, where the Fro¨hlich parameters (31) are
used. The first figure with j = 0,m = 0 corresponds to the Fro¨hlich
polaron. See the text.
where U0(k) identifies the polaron coupling. Hereafter,
Eq. (33), with the previously defined Fro¨hlich parameters (31)
and B = 1, will be considered as the default coupling.
For the coupling (33), the self-induced potential (32) be-
comes proportional to
∫
dk jl(k|ρ − ρ′|)Yl,0(Ωρ−ρ′), where
the index l is restricted by the Clebsch-Gordan coefficients
Cλ
′0
λ0,l0C
j0
j0,λ0C
j0
j0,λ′0. In Fig. 3, we show the resulting potential
for different | jm〉 states. The top panel corresponds to the
Fro¨hlich polaron, while the rest of the panels show distortions
of the 1/r potential with increasing j and m.
On the other hand, in the angulon limit, M → ∞, the poten-
tial reads
U˜(Ω,Ω′) =
∑
kλ
2λ + 1
4pi
|Uλ(k)|2
ω(k)
Pλ(Ω −Ω′) , (34)
with Pλ being the Legendre polynomial of degree λ. In fact,
Eq. (34) can also be obtained for an impurity localized in the
position space, ϕI(ρ,Ω) ∝ δ(ρ − ρ0), which implies that the
angulon is a translationally localized rotating polaron.
B. Self-localization
In general, the impurity wavefunction can be expanded in
terms of spherical-wave states as
ϕI(ρ,Ω) =
∫ ∞
0
dp
∑
lml jm j
Dlml, jm j (p) jl(pρ) Ylml (Ωρ)Y jm j (Ω) .
(35)
Minimization of the energy with respect to the coefficients
Dlml, jm j (p) identifies the corresponding Pekar energy. Here, as
we consider a potential having the rotational symmetry with
respect to the z-axis, see Eq. (A2), we restrict the wavefunction
to the ml = m j = 0 manifold. Therefore, we set Dl0, j0(p) ≡
Dl, j(p) hereafter.
First of all, in the absence of the internal rotational degrees
of freedom, i.e., for j = 0, the Fro¨hlich polaron has a rotational
symmetry in the translational space, and hence the impurity
wavefunction can be modeled by the following radial Gaussian
function [25]
ϕI(ρ,Ω)→ 1√
4pi
(
β
pi
)3/4
e−βρ
2/2 , (36)
with the variational parameter β. This indicates that the corre-
sponding coefficient is given by
D0,0(p) =
2p2
pi
∫ ∞
0
dρ ρ2 j0(pρ)Rβ(ρ) , (37)
where
Rβ(ρ) =
√
4β3/2√
pi
e−βρ
2/2 , (38)
and we used the relation
∫ ∞
0 dρ ρ
2 jl(ρp) jl(ρp′) = piδ(p −
p′)/(2p2).
Next, in order to analyze how the internal rotational de-
grees of freedom affect the translational part of the impurity
wavefunction, we consider a simple case where the impurity
has a definite rotational angular momentum state, j0. Accord-
ingly, we write down the following ansatz, with the variational
parameters, β and γ,
ϕI(ρ,Ω) = Y j00(Ω)
√
β
√
β + γ
pi3/2
e−βρ
2/2e−γρ
2 cos2(θk)/2 . (39)
The corresponding self-induced potentials due to the internal
rotational state can be seen in Fig. 3. Then, the Pekar energy
for the coupling defined in Eq. (33) can be written as
ε0
[
β, γ
]
= j0( j0 + 1) +
3β + γ
4
− αF
√
2
pi
∑
λλ′
[
C j00j00,λ0
]2 [
C j00j00,λ′0
]2
× iλ′−λ
∫
dΩk Yλ0(Ωk)Yλ′0(Ωk)
√
β(β + γ)
2β + γ − γ cos(2θk) .
(40)
Apart from very small values of the coupling αF (see the discus-
sion below), numerical minimization of Eq. (40) with respect
to the parameter γ yields
arg min
γ
ε0
[
β, γ
]
= 0 . (41)
This further simplifies the Pekar energy to
ε0 = j0( j0 + 1) −
α2F
3pi
∑
λ
[
C j00j00,λ0
]42 . (42)
7FIG. 4. (a) Comparison of the Pekar energy of the Fro¨hlich polaron
(dashed yellow curve), and that of the rotating polaron in the angular
momentum state j0 = 1, as given by Eq. (39) or Eq. (43) (blue
curve), as a function of the coupling constant, αF . (b) The variational
parameters, tl and β, of the ansatz (43) as a function of the coupling
constant. The angular momentum cutoff is lmax = 10. See the text.
In the absence of internal rotational degrees of freedom, i.e., for
j0 → 0, the Pekar energy corresponds to the standard Fro¨hlich
polaron, ε0 = −α2F/(3pi), which is shown in Fig. 4 (a) with the
dashed yellow curve. In the same figure, we show the respec-
tive Pekar energy in the case of j0 = 1 by the blue curve. Since
the wavefunction is in a definite rotational angular momentum
state, the energy at αF = 0 starts at 2B. Its qualitative behavior,
however, is similar to the Fro¨hlich polaron.
As the second ansatz, we consider
ϕI(ρ,Ω) = Y j0,0(Ω)Rβ(ρ)
lmax∑
l
tlYl,0(Ωρ) , (43)
with lmax being an angular momentum cutoff. If we plot the
translational angular variational parameters, tl, which minimize
the respective Pekar energy, we observe that they are given by
tl ≈ δl0 for all values of the coupling constant, see Fig. 4 (b).
This shows that both approaches, Eqs. (43) and (39), lead to
the same wavefunction and the same Pekar energy, Eq. (42). In
particular, both variational wavefunctions reveal that although
the self-induced potential is distorted from the 1/r shape due to
the nonzero internal angular momentum state, the translational
part of the wavefunction remains radially symmetric as in
the Fro¨hlich case. Heuristically this is explained as follows:
in the Fro¨hlich case one finds that the optimal value of the
variational parameter is given by β = 4α2F/(9pi). Then, almost
the entire Gaussian wavefunction is located within a sphere
centred at the origin with a radius
√
9pi/(8α2F) of three times
the standard deviation. For large values of αF , the electron
is strongly localized and only sees the potential in the near
vicinity of the origin. While the self-induced potential from
Fig. 3 gets distorted by the internal angular state on a scale
of order one, it is still spherically symmetric near the origin.
Thus if αF is large and the electron is sharply localized, the
shape of its wavefunction does not change since it effectively
experiences a radial potential. In contrary, for small values
of αF , which is outside of the scope of the Pekar ansatz, the
electron wavefunction is more delocalized and is modified by
a nonzero value of the parameter γ.
Based on the discussion above, for the most general case,
we make an ansatz, Dl, j(p) = Dl,0(p) dl, j, such that the radial
part of the wavefunction, Dl,0(p), is decoupled from its angular
part, dl, j. This suggests us to write a trial wavefunction for the
rotating polaron in the form of
ϕI(ρ,Ω) = Rβ(ρ)
lmax, jmax∑
l j
dl, jYl0(Ωρ)Y j0(Ω) , (44)
with lmax, jmax being the angular momentum cutoff. The re-
maining parameters, β and dl, j, with the normalization condi-
tion
∑
l j |dl, j|2 = 1, are considered as variational parameters.
Using Eq. (44), the Pekar energy for the coupling defined in
Eq. (33) can be written as
ε0
[
β, {dl, j}
]
= βC1
[
{dl, j}
]
− √β αF C2 [{dl, j}] + C3 [{dl, j}] ,
(45)
where
C1
[
{dl, j}
]
=
34 + ∑
l j
|dl, j|2 l(l + 1)
 ,
C2
[
{dl, j}
]
=
∑
k
|V˜(k)|2
ω(k)
∣∣∣∣∣∣∣
β=1,αF=1
, (46)
C3
[
{dl, j}
]
=
∑
l j
|dl, j|2 j( j + 1) .
After minimization of the energy with respect to the parameter
β, we find
β =
αF C2
[
{dl, j}
]
2C1
[
{dl, j}
] 
2
. (47)
As a result of this, the Pekar energy reads
ε0
[
{dl, j}
]
= −
α2F C2
[
{dl, j}
]2
4C1
[
{dl, j}
] + C3 [{dl, j}] . (48)
Naturally, the limiting case of dl, j = δl0δ j0 corresponds to the
standard Fro¨hlich polaron.
Now, let us consider the general state (44) with the angular
momentum cutoff lmax, jmax = 3. The resulting energy is shown
in Fig. 5 (a). A very first observation is that after a certain
coupling constant, αC ≈ 2.5, the energy sharply decreases. In
fact, the derivative of the energy with respect to the coupling
constant αF features a discontinuity at the critical coupling
strength resulting in a ‘kink’ in the blue line in Fig. 5 (a). Such
a behavior of the energy corresponds to the phenomenon of a
self-localization transition in the vicinity of the kink [1, 41].
8FIG. 5. (a) Comparison of the Pekar energy of the Fro¨hlich po-
laron (dashed yellow curve), and that of the rotating polaron given
by Eq. (44) with the angular momentum cutoff lmax, jmax = 3 (blue
curve) as a function of the coupling constant, αF . After a critical
coupling, αC ≈ 2.5 (dotted vertical line), the energy features a kink.
(b) Variational parameters dl, j and β as a function of the coupling
constant. See the text.
The possibility of a self-localization transition was dis-
cussed for the first time in the seminal papers of Landau and
Pekar [1, 2], and attracted a lot of theorists’ attention in vari-
ous polaron models after Fro¨hlich introduced a microscopic
model describing polaron [20]. However, whether the transi-
tion really exists or arises solely due to the applied approxi-
mations is a long-standing and highly debated problem. For
example, although several theories predicted the existence of
a self-localization transition for the Fro¨hlich polaron [42–49],
later it has been shown to be the artefact of the theoretical
approach [50–54].
For the Fro¨hlich polaron, at the level of the Pekar approxi-
mation, the electron wavefunction is localized at any coupling
strength αF . In fact, it has been proven [55] that there exist
a unique minimizer (up to translations) for the Pekar energy
functional such that there is no self-localization transition at
finite αF . However, it was recently shown that an angular
self-localization transition takes place in the angulon problem
already at the Pekar level [41] .
In order to analyze the observed kink in the energy, in
Fig. 5 (b) we plot the variational parameters, dl, j and β, as
a function of the coupling constant, αF . First of all, in the
vicinity of the critical coupling, the value of β jumps, and
after the critical coupling, it swiftly increases. Furthermore,
for small values of the coupling constant, αF < αC , the an-
gular variational parameters are given by dl, j ≈ δl0δ j0. This
behavior corresponds to the standard Fro¨hlich polaron. On the
other hand, after the critical value, these parameters become
dl, j ∝ δl0. In other words, while the internal angular states get
superposed, the translational angular states with l , 0 vanish
for all values of αF such that the rotational part of the impurity
FIG. 6. (a) Comparison of the Pekar energy of the Fro¨hlich polaron
(dashed yellow curve), and that of the rotating polaron given by
Eq. (49) with the angular momentum cutoff jmax = 10 (blue curve) as
a function of the coupling constant, αF . (b) Variational parameters,
r j and β, as a function of the coupling constant. After the critical
coupling, αC ≈ 2.4 (dotted vertical line), the impurity wavefunction
becomes localized in both the rotational and translational space. See
the text.
wavefunction decouples from the rest of it. This suggests that
we can consider the following trial wavefunction,
ϕI(ρ,Ω) = Rβ(ρ)Y0,0(Ωρ)
jmax∑
j
r jYr,0(Ω) , (49)
which allows to substantially simplify the variational calcula-
tion and to derive a more transparent model.
It follows from Eq. (48) that the corresponding Pekar energy
in this case is given by
ε0
[
{r j} jmax0
]
= −α
2
F
3pi
B
[
{r j} jmax0
]2
+
∑
j
|r j|2 j( j + 1) , (50)
where
B
[
{r j} jmax0
]
=
∑
λ
∣∣∣∣∣∣∣∣
∑
j j′
r jr∗j′
√
2 j′ + 1
2 j + 1
[
C j0j′0,λ0
]2∣∣∣∣∣∣∣∣
2
. (51)
For very small values of the coupling constant, the argument
of the minimum value of the Pekar energy yields
arg min
r j
ε0
[
{r j} jmax0
]
= arg min
r j
∑
j
|r j|2 j( j + 1) = {δ j0} . (52)
Therefore, the minimum value of the energy is given by
minr j ε0 = −α2F/(3pi), which corresponds to the Fro¨hlich case,
as discussed above. However, for very large values of αF , the
argument of the minimum value of the energy reads:
arg min
r j
ε0
[
{r j} jmax0
]
= arg max
r j
B
[
{r j} jmax0
]2
=
 1√ jmax + 1
 .
(53)
9In Fig. 6 (a), the Pekar energy (50) is shown for the angular
momentum cutoff jmax = 10, see the blue curve. The behavior
of the energy is very similar to the previous case of Fig. 5 (a).
After the critical coupling constant, αC ≈ 2.4, the energy fea-
tures a kink. Fig. 6 (b) shows the variational parameters, r j and
β. As we discuss above, for αF < αC , the rotational internal
state is given by r j = δ j0. For αF > αC , on the other hand,
the rotational wavefunction is almost an equal-weight super-
position of all angular states, which yields r j ≈ 1/
√
jmax + 1.
Therefore, we deduce that the internal rotational motion of the
impurity, which is delocalized for αF < αC becomes localized
in the space of angles for αF > αC . This result has been pre-
viously found in Ref. [41]. It is this localization transition of
the internal degree of freedom and the corresponding change
in the self-induced potential that causes strongly enhanced
self-localization of the translational degree of freedom.
V. CONCLUSIONS
To summarize, we derived a novel Hamiltonian describing
linear molecules (or other impurities with a translational and an
internal rotational degree of freedom) immersed in a bosonic
bath, e.g. liquid Helium or a BEC of cold atoms. While such a
Hamiltonian represents a hybrid between the well-established
polaron and the recently introduced angulon quasiparticles, we
expect it to go beyond just the sum of its parts and to host novel
impurity physics.
Here we undertook the first steps in the study of this Hamil-
tonian by considering the solutions in the weak- and strong-
coupling regimes. In weak coupling, we analyzed the spectrum
based on a single-phonon variational state describing a rotat-
ing impurity with a fixed linear momentum. We found that
long-lived quasiparticle states (‘rotating polarons’) strongly
depend on the total linear momentum of the combined impurity-
bath system. In particular, the instability regions where the
quasiparticle picture breaks down become substantially larger
with growing linear momentum. The strong-coupling regime
has been analyzed using the Pekar-type mean-field ansatz.
First, we have demonstrated that, in our parameter regime,
the translational part of the rotating polaron is spherically
symmetric. This is the case even for higher internal angular
momentum states which give rise to a non-spherically sym-
metric self-induced potential. Then it has been shown that the
self-localization transition previously discussed for the angu-
lon [41], also takes place in the internal rotational degree of
freedom of the rotating polaron. Moreover, such rotational
localization triggers a transition of enhanced localization in
the translational degree of freedom. This reveals that the ro-
tational localization transition, which is probably challenging
to detect directly in experiment, can be accessed by measur-
ing the spatial extension of the rotating polaron. Our findings
shed the first light on the interesting and rich physics of the
rotating polaron, and can be applicable to a variety of systems,
from Rydberg atoms [56] to electronic impurities with angular
momentum in solids [57, 58].
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Appendix A: Detailed derivation of the Hamiltonian
Here we derive the Hamiltonian, Hˆint, describing the inter-
actions between an impurity and a many-body environment in
the laboratory reference frame.
First, we consider a mobile molecular impurity in a weakly
interacting atomic BEC, where the coordinate of an atom
interacting with the impurity is given by R = (R,ΘR,ΦR),
r = (r, θr, φr), and r′ = (r′, θ′r′ , φ
′
r′) in the laboratory, molecu-
lar body-fixed, and molecular center-of-mass (CM) frames of
reference, respectively, cf. Fig. 1. The interaction part of the
Hamiltonian can be written as follows [17]:
Hˆint =
∑
k,q
e−iq·ρˆV(q, θˆ, φˆ) aˆ†k+qaˆk . (A1)
Here the operator ρˆ ≡ (ρˆ, θˆρ, φˆρ) measures an instantaneous
position of the molecule’s CM with respect to the labora-
tory frame, (θˆ, φˆ) are the angle operators determining the
molecule’s instantaneous orientation in space, aˆ†k and aˆk are
the bosonic creation and annihilation operators, respectively.
V(q, θˆ, φˆ) = F [D(φˆ, θˆ, 0)V(r)] is the potential in Fourier space
after rotating the body-fixed coordinates into the CM frame by
using the Wigner rotation operator D(φˆ, θˆ, γˆ). In order to derive
the expression for V(q, θˆ, φˆ), we first expand the interaction
potential between a molecule and an atom in the molecular
body-fixed frame, V(r), over the spherical harmonics as
V(r) =
∑
α
Vα(r)Yα0(θr, φr) . (A2)
By using the Wigner rotation matrices, Yα0(θr, φr) =∑
γ Dλγ0(φˆ, θˆ, 0)Yαγ(θ
′
r′ , φ
′
r′), we write the interaction poten-
tial (A2) in the CM-frame as
V(r′, θˆ, φˆ) =
∑
αγ
Vα(r)Yαγ(θ′r′ , φ
′
r′ )Yαγ(θˆ, φˆ) . (A3)
The potential in Fourier space is then given by
V(q, θˆ, φˆ) =
∫
d3r′ V(r′, θˆ, φˆ)e−iq·r
′
(A4)
=
∑
αγ
(2pi)3/2i−αV˜α(q)Yαγ(θq, φq)Yαγ(θˆ, φˆ) ,
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with V˜α(q) = 23/2(2α + 1)−1/2
∫ ∞
0 dr r
2Vα(r) jα(qr) being the
spherical Fourier transform of the expansion coefficients Vα(r).
In Eq. (A4) we have used the plane wave expansion, e−iq·ρˆ =
4pi
∑
`δ i−` j`(qρˆ)Y∗`δ(θˆρ, φˆρ)Y`δ(θq, φq), and r
′ = r.
In the case of a weakly interacting BEC, applying the Bo-
goliubov approximation to the Hamiltonian (A1) gives:
Hˆint =
√
n
∑
k
√
(k)
ω(k)
e−ik·ρˆV(k, θˆ, φˆ)bˆ†k + H.c. (A5)
Now using Eq. (A4) and the spherical expansion of the boson
operators, bˆ†k = (2pi)
3/2k−1
∑
λµ iλY∗λµ(θk, φk) bˆ
†
kλµ, we obtain
Hˆint =
∑
kλµ
∑
`δαγ
Uδγµ
`αλ
(k) j`(kρˆ) Y∗`δ(θˆρ, φˆρ) Y
∗
αγ(θˆ, φˆ) bˆ
†
kλµ + H.c. ,
(A6)
where
Uδγµ
`αλ
(k) = Uα(k)
√
4pi(2α + 1)(2l + 1)/(2λ + 1) (A7)
× iλ−α−lCλ0α0,l0Cλµαγ,lδ ,
with
Uλ(k) =
√
8nk2(k)
ω(k)(2λ + 1)
∫ ∞
0
drr2Vλ(r) jλ(kr) , (A8)
and we have used that [30]
∫
dΩk Y`δ(Ωk)Yαγ(Ωk)Y∗λµ(Ωk)
=
√
(2` + 1)(2α + 1)
4pi(2λ + 1)
Cλ0`0,α0C
λµ
`δ,αγ
. (A9)
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